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Abstract
A well‐conditioned volume‐surface integral equation, called the volume integral equation‐
combined field integral equation, is applied to analyse electromagnetic (EM) scattering
from arbitrarily shaped three‐dimensional composite objects comprising both inhomo-
geneous bi‐anisotropic material and closed perfect electric conductors (PECs). The
equivalent surface and volume currents are respectively expanded using the commonly
used RWG and SWG basis functions, while a matrix equation is derived by the method of
moments. Because the magnetic field integral equation is involved in modelling the
surface electric current, and the constitutive parameters are all tensors, some new kinds of
singularities are encountered and properly handled in the filling process of the impedance
matrix. Several numerical results of EM scattering from composite bi‐anisotropy and
closed PEC objects are shown to illustrate the accuracy and efficiency of the proposed
scheme. The validity of the continuity condition of electric flux enforced on the
bi‐anisotropy‐PEC interfaces, which can be used to eliminate the volumetric electric
unknowns, is also verified.
1 | INTRODUCTION
With the rapid development of materials science, various ap-
plications of bi‐anisotropic materials have been developed for
the design of antennas [1], waveguide mode converters [2],
radar absorbing materials [3], antireflection coatings [4], mi-
crowave devices [5,6], and so on. Consequently, in the field of
computational electromagnetics, EM scattering from com-
posite objects containing anisotropic or bi‐anisotropic mate-
rials and perfect electric conductors (PECs) has inspired
substantial research. However, because the constitutive re-
lations of bi‐anisotropy are enforced as an additional coupling
between electric and magnetic fields, and because all their
constitutive parameters are tensors, it is quite a challenge to
accurately analyse such composite objects. Among the many
numerical methods, the integral equation method, in
conjunction with method of moments (MoM) [7,8], is one of
the most competitive choices for analyse the composite com-
plex material‐PEC objects and discussed in several articles [9–
17]. In [9], the volume integral equation (VIE) was presented
to analysing EM scattering from inhomogeneous anisotropic
objects and has been further extended to analyse electric
anisotropy‐PEC objects [10]. In [11], scattering from bi‐
anisotropic objects were analysed by the hybrid finite element‐
boundary integral (FEBI) method. A PEC object coated with
homogenous bi‐isotropic materials was modelled using the
surface integral equation (SIE) method in [12], from which its
authors later proposed a VIE method with solenoidal basis
functions for objects with inhomogeneous bi‐isotropy [13].
Article [14] used the adaptive integral method to accelerate the
MoM solution of the VIE for inhomogeneous bi‐anisotropic
objects. Using the volume‐surface integral equation (VSIE),
the scattering problem from composite electric anisotropy‐
PEC objects was solved in [15]. With the equivalent currents
This is an open access article under the terms of the Creative Commons Attribution NonCommercial License, which permits use, distribution and reproduction in any medium, provided
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expanded by piecewise constant basis functions, article [16]
used the VIE to calculate extremely anisotropic objects. In
[17], the VIE was applied to analyse bi‐anisotropic objects,
while the eigenvalue spectrum was derived and analysed.
On the choice of integral equations, compared with pure
SIE‐based methods, the VSIE is more robust and generalized
in modelling composite objects containing thin inhomoge-
neous materials because only the Green's function of the
background medium is needed [8]. This generality owes to
the fact that according to the equivalence principle, the VSIE
implementation simultaneously retains two kinds of generally
applicable integral equations, that is, the VIE to model the
field superposition in the material regions and the SIE to
impose the boundary condition on the PECs. For the SIE
part, the electric field integral equation (EFIE) is widely
adopted because it can be used to model both open and
closed PECs. However, the EFIE is a first‐kind Fredholm
integral equation, usually resulting in an ill‐conditioned
impedance matrix. For the closed PEC part, if the EFIE is
used alone, it will also encounter the interior resonance
problem [8]. On the other hand, in practical applications,
metal objects having finite thickness can be modelled as
closed PECs. To avoid the interior resonance problem as well
as improve the matrix condition, one can linearly combine
the magnetic field integral equation (MFIE) with the EFIE to
form a combined field integral equation (CFIE) that is sec-
ond‐kind [18]. For a closed PEC object with a finite thick-
ness, the CFIE can provide acceptable accuracy at a not very
low frequency with faster convergence. Furthermore, the
CFIE can be combined with the VIE to yield a new gener-
alized VSIE, called the volume integral equation‐combined
field integral equation (VIE‐CFIE), that is expected to make
the matrix equation easier to iteratively solve than the con-
ventional VIE‐EFIE. In the authors' previous work, we have
successfully adopted the VIE‐CFIE to analyse EM scattering
from composite inhomogeneous bi‐isotropy and closed PEC
objects [19] and accelerated the MoM solution of the VIE
from inhomogeneous bi‐anisotropic objects via the spherical
harmonics expansion‐based multilevel fast multipole algo-
rithm (SE‐MLFMA) [20].
To the authors' best knowledge, no article has thus far
shown in detail how to use MoM to solve the VSIE with
composite bi‐anisotropy‐PEC objects, especially when the
VIE‐CFIE is conditionally applied. In this paper, the VIE‐
CFIE is presented to analyse EM scattering from arbitrarily
shaped composite objects comprising both inhomogeneous
bi‐anisotropic materials and closed PECs. By discretising the
equivalent surface and volume currents using the commonly
used RWG and SWG basis functions that are defined on
the triangular and tetrahedral cells [21,22], the VIE‐CFIE
yields a well‐conditioned matrix equation. Introducing the
MFIE during modelling of the closed PEC surface,
compared with the condition under existing articles such as
[10,15], resulted in the appearance of new singularities in the
process of matrix filling that will be properly handled and
elaborated.
2 | DERIVATION OF THE VOLUME‐
SURFACE INTEGRAL EQUATION FOR
BI‐ANISOTROPY‐PERFECT ELECTRIC
CONDUCTOR OBJECTS
Consider a composite object that contains both inhomoge-
neous bi‐anisotropic material occupying a region V and PEC
surface S in the free space. Assume this object is illuminated by
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bi‐anisotropic region V, the coupled constitutive relations
between the electric flux density D
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, magnetic flux density B
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and electric field E
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where all the constitutive parameters (permittivity �ε, perme-
ability �μ, and coupling parameters �ξ, �ς) are r→‐dependent ten-































while the variable r
→
is omitted for the purpose of easy reading.
According to the volume equivalence principle, the scattered
fields from the bi‐anisotropic material can be seen as being pro-

















































where �I denotes the identity tensor, and the time‐harmonic









V in V as well as the equivalent surface
electric current J
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The vector and scalar potentials are expressed as the



























































































with free space wavenumber k0.
In the region V, the VIE is formed by making the incident






































∀ r→ ∈ V
ð7Þ
On PEC surface S, by vanishing the tangential (tan)





















¼ 0 ∀ r→ ∈ S ð8Þ
The VIE can be combined with the EFIE to form the
commonly used VIE‐EFIE, a first‐kind integral equation that


















Þ ∀ r→ ∈ S ð9Þ
can be modelled and linearly added to the EFIE to form the
well‐conditioned CFIE as [18]
CFIE¼ αEFIEþ ð1 − αÞη0 MFIE ð10Þ
where n̂ is the outwardly directed normal, α (0 ≤ α ≤ 1) is a
real constant, and η0 is the intrinsic impedance of free space.
We can combine the VIE and CFIE together to build the VIE‐
CFIE to solve the EM scattering from composite objects
comprising bi‐anisotropic materials and closed PECs. Gener-
ally, when the constitutive parameter tensors have the same
order of magnitude, the VIE‐CFIE is well conditioned.
3 | METHOD OF MOMENTS
SOLUTION
3.1 | Discretisation of the volume integral
equation‐combined field integral equation
By dispersing the equivalent currents or flux densities, the
MoM discretises the VSIE into a matrix equation. In the
implementation, J
→




in V are respectively
expanded using the set of RWG basis functions f
→S
i [21] defined
in the domain Si and SWG basis functions f
→
i
V [22] defined in





































In Equation (11), NS and NV are numbers of RWG and
SWG basis functions, while the total number of unknowns is
NS+2NV. ISi , I
D
i , and I
B
i are the corresponding unknown
expansion coefficients, respectively. To hold the continuity of
the normal component consistent with the boundary condition









V . It is further assumed that �ε, �μ, �ξ, �ς are approximately
constant tensors inside each tetrahedron, which is a general-
isation of that presented in [22]. As a consequence, the tensors
�αpq and �βpq with p/q = 1 or 2 defined in Equations (2) and (3)
over a single tetrahedron are also considered constant.
Substituting Equation (11) into Equations (3)–(10) and
combining with the Galerkin's testing results in a generalized
































































where IS, ID and IB are the vectors of unknown expansion
coefficients, VS, VD and VB are the excitation vectors, ½ZPQ�
(P, Q = S, D, or B ) denotes the impedance submatrix repre-
senting the interactions between various types of testing and
basis functions, and the superscript E or M means the corre-
sponding submatrix or subvector is from EFIE or MFIE,

































Þ � ∇GdT 0
T ¼ S or V ð14Þ
Each submatrix entry denoting the interaction between the
jth testing function and ith basis function in Equations (12)



















































































































































































































































































































































where 〈gg〉 denotes the L2‐inner product, n̂j denotes the outer‐
normal direction of the triangle containing the jth RWG test
function, �αipq and �βipq are constant tensors over the tetrahe-
dron containing the ith SWG basis function, and p1/p2/q = 1
or 2 with p1+p2 ≡ 3.
Furthermore, the continuity condition (CC) of electric flux
can be explicitly enforced on the material‐PEC interfaces to
reduce the number of volumetric electric unknowns [19]. The




















Because the CC comes from the current continuity
equation that is independent of the material type, it can be
safely adopted to the bi‐anisotropy‐PEC interfaces
theoretically.
3.2 | Matrix filling
In the following, details of the matrix filling process, especially
how to handle singularities, are described. The ith RWG basis
function is defined over a common side of length li shared by
two triangles S�i of areas s
�
i as [21]

















∀ r→0 ∈ S�i ð24Þ
Similarly, the ith SWG basis function is defined over a
common face of area ai shared by two tetrahedrons V�i of

















∀ r→0 ∈ V�i ð25Þ
In Equations (24) and (25), the sign ± means the current
flowing direction of the ith basis function is outward or in-
ward relative to T�i (T = S for RWG or V for SWG), and
r
→�
i is the free vertex of the ith basis function in T
�
i . If the
field point r
→
is far from the source point r
→0, all of the matrix
entries in (12) can be easily evaluated using a universal
quadrature rule. The Gaussian quadrature rule with four‐
fifths sampling points is recommended for integrations over
the triangle/tetrahedron domain while calculating the in-
teractions between the testing and basis functions, which
ensures accurate integration of up to third‐order polynomials
[23,24]. Conversely, when r
→
approaches r
→0, because of the
Green's function (6) or its gradient, singularities or near‐
singularities will appear and need special attention. How to
evaluate the values of ½ZESS�ji and ½Z
M
SS�ji generated by the SIE
part can be employed as proposed in [21] or [18], while that
of ½ZPQ�ji (P, Q = B or D) generated by the VIE part can be
found in [9]. The evaluations of ½ZDS�ji and ½ZBS�ji are shown
in [19], both of which are independent of the material type
contained by the calculated object.





V i, and K
→
V i must be handled. During
r
→→ r→0, the inner product calculation relating P
→
V i or Q
→
V i can
be easily transformed into a specific form with one order
singularity that can be expediently handled using either the
singularity extraction [25] or Duffy transformation [26]
method. For the calculation relating K
→










































































where �υi denotes an arbitrary tensor that is constant in single
tetrahedron. The above derivation takes the nature of
ð r
→ − r→0Þ � ∇G ≡ 0. In this way, the singularity in the gradient
of Green's function over a plane triangle can be handled in [27].
For ½ZMSQ�ji introduced by the MFIE, there are also three
types of integrals. The singularity involving P
→
V i is easy to
handle. For the inner product involving Q
→
V i, according to the
two‐dimensional Gauss theorem and the identity
∇ · ð�a · b
→
Þ ¼ ½∇ · ð�aÞ� · b
→
þ Trð�aT · ∇b
→
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where Trð�υiÞ denotes the trace of �υi; n̂�j and n̂∂V�i denote the
outer‐normal direction of triangle S�j and that of the four
triangular faces of tetrahedronV�i , respectively. Then the order
of singularities occurring in Equation (27) is reduced to one.
For the inner product involving K
→
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LIU ET AL. - 5
Therefore, the two‐order singularity appeared in the first
term of the last right‐hand side (RHS) can be handled [18].
However, how to deal with the second one, which is also order
two and first encountered, is not obvious. Here we deal with it
using the singularity extraction method and simply summarise
the key steps. We translate the inner integral of the second
























































where R¼ j r
→ − r→0j. Thus, the first two RHS terms in the last
equation can be evaluated numerically using a Gaussian
quadrature rule, while the last two terms must be further
analysed.
Assume that a coordinate transformation is applied so that
the triangle locates on the u‐v plane having a normal in the
direction w, where û · ð r
→ − r→0Þ ¼ u0; v̂ · ð r
→ − r→0Þ ¼ v0 and
ŵ · ð r
→ − r→0Þ ¼ 0, as shown in Figure 1. Using matrix notation
and operation, r
→















































where ûT , v̂T and ŵT are the row vector expressions of û, v̂
and ŵ. Further, according to [25], three different types of inner



























Then according to Equations (30) and (31), the third term







































































































































































Substituting Equation (30) into the fourth term of Equa-
tion (29), we have [25].
According to Equations (30)–(33), all the kinds of singu-
larity in Equation (29) can be handled analytically.
4 | NUMERICAL RESULTS
In this section, the bi‐static or monostatic radar cross sections
(RCSes) of several composite objects are calculated. When the
VIE‐CFIE is adopted to model the objects, α = 0.5. GMRES
with a restart number of 100 is used as the iterative solver to
reach convergence with a relative residual error of 0.001 [28]. A
simple diagonal preconditioner is used to accelerate theF I GURE 1 Notations for integrals on a triangle
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iterative solving process. A zero vector is taken as the initial
guess for all calculations, which are serially carried out on a
workstation with 2.4 GHz CPU and 384 GB RAM in single
precision.
The first object is a bi‐anisotropic cylinder whose radius
and height are 0.5λ and 0.2λ, respectively. The constitutive
































where Ω is variable. The cylinder is meshed into 7490 tetra-
hedrons with respect to 31,872 unknowns. Illuminated by an
EM plane wave from +z‐axis, the θθ‐ and φφ‐polarized bi‐
static RCSes at φ = 0° plane with different values of Ω are
calculated and given in Figure 2 (denoted by cal.). For com-
parison, the results using FEBI from [11, Figure 5] are also
shown (ref.). Good agreements are observed for each Ω.
The second object is a coated PEC sphere. The radius of
the inner PEC sphere and the thickness of the coating electric
anisotropy are 1 m and 0.42 m, respectively. The relative
permittivity tensors of the coated electric anisotropy are
defined under the spherical coordinate as �εr ¼ diagðεr; εt; εtÞ
and �μr ¼ diagðμr; μt; μtÞ. In this case, εr ¼ 4, εt ¼ 2 and
�μr ¼
�I . When the object is illuminated by a θ‐polarized plane
wave from ‐z‐axis at 22 MHz, the bi‐static RCS at φ = 0° plane
is calculated using the VIE‐CFIE, while the numbers of tri-
angles and tetrahedrons are 112 and 587 with respect to 1422
unknowns after discretising. During the calculation, the CC is
alternatively enforced and combined with the VIE‐CFIE
(denoted by CC‐VIE‐CFIE) to reduce 112 volumetric un-
knowns. The numerical results are shown in Figure 3, while for
comparison, the exact result from Mie series [10, Figure 1] is
also given. It is seen that the numerical results with or without
the CC agree well with the exact result everywhere, indicating
that the VIE‐CFIE has high calculation accuracy. Because this
object is small, the computational details are not reported.
The third object is also a coated PEC sphere. The radius of
the inner PEC sphere is 0.3λ, and the thickness of coating
material is 0.05λ. The coating material is bi‐anisotropic, whose
relative permittivity and permeability tensors are defined under
the spherical coordinate while εr ¼ μr ¼ 4 and εt ¼ μt ¼ 2.
Another two coupling parameters are defined as
�ξr ¼ �ζr ∗ ¼ð0:5 − j0:5Þ�I , while the asterisk denotes the
complex conjugate. This object is illuminated by a plane wave
from +z‐axis. It is impossible to analyse this object using the
SIE‐based schemes but the VSIE can do. Both the VIE‐EFIE
and VIE‐CFIE are used to calculate the co‐polarization of bi‐
F I GURE 3 Bi‐static radar cross sections for a perfect electric
conductor sphere of radius 0.1 m coated with 0.42 m thick electric
anisotropic material with the constitutive parameters εr=4 and εt=2
(defined in spherical coordinate), illuminated by a θ‐polarized
electromagnetic plane wave from ‐z‐axis at 22 MHz. VIE‐CFIE, volume
integral equation‐combined field integral equation
(a)
(b)
F I GURE 2 Bi‐static radar cross sections at φ=0° plane for a bi‐
anisotropic cylinder of radius 0.5λ and height 0.2λ, illuminated by an
electromagnetic plane wave from +z‐axis. (a) θθ‐polarization, (b) φφ‐
polarization
LIU ET AL. - 7
static RCSes, while the observation range is 0° ≤ θ ≤ 180° and
φ = 0°. In this calculation, four types of mesh size are adopted
to discrete the object as shown in Table 1, where the numbers
of triangles, tetrahedrons and unknowns are listed, respectively.
To investigate the numerical accuracy, we set the VIE‐EFIE
result from the mesh size of 0.017λ as the benchmark, while

















where M is the number of observation angles, σcali and σ
ben
i
denote the calculated and benchmark RCSes measured in dB in
F I GURE 4 Bi‐static radar cross sections for a perfect electric
conductor sphere of radius 0.3λ coated with 0.05λ thick bi‐anisotropic
material with the constitutive parameters





r ¼ ð0:5−j0:5Þ I
�
, illuminated by a θ‐polarized electromagnetic plane
wave from +z‐axis. EFIE, electric field integral equation; VIE‐CFIE, volume
integral equation‐combined field integral equation
(a)
(b)
F I GURE 5 Monostatic radar cross sections for a 252.4 mm length
perfect electric conductor almond coated with 10 mm thick bi‐anisotropic
material, illuminated by a θ‐polarized electromagnetic plane wave at
1 GHz. (a) H=0 and H=0.5, (b) H=0.25. EFIE, electric field integral
equation; VIE‐CFIE, volume integral equation‐combined field integral
equation
TABLE 1 Different mesh sizes with respect to the numbers of unknowns, triangles, and tetrahedrons, root mean square and maximal errors of different
implementations compared with benchmark results (from the VIE‐EFIE with 0.017λ mesh size), and the number of iterations
Mesh Size 0.017λ 0.03λ 0.055λ 0.1λ
Number of unknowns 159,896 53,961 20,410 4916
Number of triangles 3716 1702 896 272
Number of tetrahedrons 36,382 11,846 4236 996
Equation type VIE‐EFIE VIE‐CFIE VIE‐EFIE VIE‐CFIE VIE‐EFIE VIE‐CFIE VIE‐EFIE VIE‐CFIE
RMS error (dB) — 0.018 0.023 0.037 0.19 0.23 0.67 0.75
MAX error (dB) — 0.024 0.095 0.11 0.76 0.87 2.19 2.53
Number of iterations 103 33 105 33 102 33 102 31
Abbreviations: EFIE, electric field integral equation; MAX, maximal; RMS, root‐mean‐square; VIE‐CFIE, volume integral equation‐combined field integral equation.
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the ith observation angle, respectively. Table 1 also shows
when the incident plane wave is θ‐polarized, the RMS and
maximal (MAX) errors from different implementations.
as well as the number of iterations during the iterative
solution. It is observed that when the mesh size is fixed, the
RMS and MAX errors from the VIE‐EFIE and VIE‐CFIE are
quite close, which means the new matrix entries as well as
singularities introduced by the MFIE have been handled
properly, and the VIE‐CFIE can also give reliable results. On
the other hand, due to the improvement of matrix condition,
the convergence speed of the VIE‐CFIE is always several
times faster than that of the VIE‐EFIE. For different mesh
sizes, the errors are tolerable if the mesh size is smaller than
0.055λ. However, if the mesh size is set as 0.1λ, the errors are
unacceptable. The reason is that for this coating material, 0.1λ
is roughly equivalent to 0.4 times of the wavelength in the
coating material, which is too large. The numerical results from
0.017λ and 0.1λ are shown in Figure 4, while the maximal er-
rors arise over the valley range (in this case, about 45° for the
θθ‐polarization and 75° for the φφ‐polarization).
The fourth object is a coated PEC almond containing
sharp tips [29], shown as an inset in Figure 6. The length of the
PEC almond is 252.4 mm, and the coating thickness is 10 mm.
The frequency of the incident θ‐polarized EM wave is 1 GHz.
A moderate mesh size is chosen to generate a total of 25,611
unknowns with respect to 1983 triangles and 5188 tetrahe-
drons. The constitutive parameters of the coating material are










�ξr ¼ �ζr ∗ ¼υð1 − jÞ�I ð36Þ
where υ is a variable. Figure 5 shows the monostatic RCS with
υ0, 0.25, or 0.5, and the observation range is 0° ≤ φ ≤ 360°
and θ = 90° with 181 observation angles, while co and cross
denote co‐ and cross‐polarization, respectively. Besides, the
cross RCS of the coated almond with υ = 0 (in this case, the
coating material degrades into anisotropy) is below −80 dBsm
everywhere and not shown. Excellent agreements are observed
between the results from the VIE‐CFIE and those from the
VIE‐EFIE, indicating that despite the sharp structures are
contained, the results from the VIE‐CFIE are also dependable.
Meanwhile, with different values of υ, the magnitude of the co‐
polarization RCS is almost the same in most angles, while that
of the cross‐polarization one is largely varied. Besides, the
larger the value of υ, the larger the cross‐polarization RCS.
This phenomenon demonstrates the effect of the coupled
parameters on the electric and magnetic fields inside the bi‐
anisotropic coating.
In order to investigate how υ influences the condition of
the impedance matrix, Figure 6 shows the numbers of itera-
tions for different values of υ, while the relative residual error
is fixed to 0.001. In this process, the incident wave is from +x‐
axis, illuminating the tip of the coated almond. It is observed
(a)
(b)
F I GURE 7 Bi‐static radar cross sections of a multi‐tablet containing
five layers of different materials, illuminated by a θ‐polarized
electromagnetic plane wave from +z‐axis. (a) 1=0° plane, (b) 1=90° plane.
EFIE, electric field integral equation; VIE‐CFIE, volume integral equation‐
combined field integral equation
F I GURE 6 Numbers of iterations with respect to different values of υ,
illuminated by a θ‐polarized electromagnetic plane wave from +x‐axis.
EFIE, electric field integral equation; VIE‐CFIE, volume integral equation‐
combined field integral equation
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that with different values of υ, the convergence of the VIE‐
CFIE is always several times faster than that of the VIE‐EFIE,
illustrating the robustness and efficiency of the proposed
scheme. Another finding is that when υ is small, both the VIE‐
EFIE and VIE‐CFIE can reach the target convergence after
dozens of iterations. Along with the increase of υ, the iterations
will slightly increase, followed by a sharp increase. When υ is
larger than about 0.7, none can reach the target convergence
after 2000 iterations. The reason is that under the fixed values
of �εr and �ur , if υ > 0.7, the main diagonal elements of �αi11 and
�αi22 in Equation (19) will be negative, which leads to a
particularly ill‐conditioned impedance matrix.
The fifth object is a multi‐tablet containing five layers of
different materials, as shown inside Figure 7a. The size of each
tablet is 0.5λ�0.5λ�0.05λ. Besides, both the second and fourth
layers are PEC, while the others are penetrable material. The
first layer is bi‐anisotropic, whose constitutive parameters are










�ξ1r ¼ �ζ1r ∗ ¼ð0:5 − j0:5Þ�I
ð37Þ
The third layer is isotropic with scalar relative permittivity
and permeability as ε3r ¼ u3r ¼ 2 − j. The fifth is uniaxial
anisotropic, the parameters of which are








This object is illuminated by an EM plane wave from +z‐
axis. After discretisation, the numbers of triangles and tetra-
hedrons are 1024 and 3626 with 17,576 total unknowns. In this
example, the CC of electric flux is attempted to be explicitly
enforced on the material‐PEC interfaces to reduce the number
of volumetric electric unknowns, while 872 volumetric electric
unknowns are eliminated due to the use of CC. The numerical
results of the bi‐static RCSes calculated using the VIE‐EFIE,
VIE‐CFIE, and those enforced by the CC (denoted by CC‐
EFIE‐VIE and CC‐VIE‐CFIE) are shown in Figure 7 for the
normal incidence. It is observed that the numerical results
from the VIE‐EFIE or VIE‐CFIE with and without CC are
almost in excellent agreement everywhere, indicating that the
CC is valid when the bi‐anisotropic materials are involved.
Table 2 shows the computational details, containing the
number of iterations, the peak memory usage and the total
CPU time. It is observed that when the CC is used in either the
VIE‐EFIE or VIE‐CFIE, all of the peak memory usages, the
number of iterations and total CPU time are reduced. How-
ever, the reduction is very limited, because the eliminated
number of unknowns (872) occupies quite a small proportion
of the total number of unknowns (17,576). This phenomenon
illuminates that the CC is more suitable for the calculation of
the thin‐coated objects [19]. On the other hand, the CC does
not deteriorate the matrix condition for the objects containing
complex material blocks. In other words, the CC can always be
adopted safely and reliably.
5 | CONCLUSIONS
In this paper, a second‐kind integral equation, called VIE‐CFIE,
has been proposed and applied in modelling EM scattering from
composite objects involving inhomogeneous bi‐anisotropic
materials and closed PECs. In the process of an MoM solution,
some new kinds of singularities occur and have been properly
handled using the singularity extraction method. The accuracy
and efficiency of the proposed VIE‐CFIE are demonstrated by
the calculation of various objects with different constitutive
parameters and geometry structures. Numerical experiment
shows that even if the calculated object contains fine structures,
complex inhomogeneous materials and multilayers, the VIE‐
CFIE can always give reliable results and be several times faster
than the VIE‐EFIE during the iterative solution. The validity of
the continuity condition of electric flux explicitly enforced on
the bi‐anisotropy‐PEC interfaces has also been investigated and
can be reliably used to reduce the number of unknowns for the
volumetric electric current.
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TABLE 2 Computational details of
scattering from five‐layer tablet for different
implementations with normal incidence
Equation Type VIE‐EFIE VIE‐CFIE CC‐VIE‐EFIE CC‐VIE‐CFIE
Number of unknowns 17,576 16,704
Number of iterations 203 74 198 70
Peak memory usage (MB) 2483.7 2365.2
Total CPU time (min) 10.3 5.1 10.0 4.8
Abbreviations: EFIE, electric field integral equation; VIE‐CFIE, volume integral equation‐combined field integral
equation.
10 - LIU ET AL.
REFERENCES
1. Viitanen, A.J., Lindell, I.V.: Chiral slab polarization transformer for
aperture antennas. IEEE Trans. Antennas Propag. 46(9), 1395–1397
(1998)
2. Yin, W.Y., Wang, W.B., Li, P.: Guided electromagnetic waves in gyrotropic
chirowaveguides. IEEE Trans. Microw. Theory Tech. 42(11), 2156–2163
(1994)
3. Qiu, C.W., et al.: Backward waves in magnetoelectrically chiral media:
propagation, impedance and negative refraction. Phys. Rev. B. 75(15),
1–7 (2007)
4. Varadan, V.K., Varadan, V.V., Lakhtakia, A.: On the possibility of
designing antireflection coatings using chiral media. J. Wave Mater.
Interact. 2, 71–81 (1987)
5. Lindell, I.V., et al.: Electromagnetic Waves in Chiral and Bi‐isotropic
Media. Artech House, Norwood (1994)
6. Serdyukov, A., et al.: Electromagnetics of Bi‐Anisotropic materials:
Theory and Application. Gordon and Breach, Amsterdam (2001)
7. Harrington, R.F.: Field Computation by Moment Methods. MacMillan,
New York (1968)
8. Chew, W.C., et al.: Fast and Efficient Algorithms in Computational
Electromagnetics. Artech House, Boston (2001)
9. Kobidze, G., Shanker, B.: Integral equation based analysis of scattering
from 3‐D inhomogeneous anisotropic bodies. IEEE Trans. Antennas
Propag. 52(10), 2650–2658 (2004)
10. Kobidze, G., Aygun, K., Shanker, B.: Efficient integral equation based
analysis of scattering from PEC‐anisotropic bodies. In: IEEE Antennas
and Propagation Society Symposium, Monterey, Vol. 4, pp. 3887–3890
(2004)
11. Zhang, Y., Wei, X., Li, E.: Electromagnetic scattering from three‐
dimensional bianisotropic objects using hybrid finite element‐boundary
integral method. J. Electromagn. Waves Appl. 18(11), 1549–1563 (2004)
12. Wang, D.X., et al.: Scattering by conducting bodies coated with bi‐
isotropic materials. IEEE Trans. Antennas Propag. 55(8), 2313–2319
(2007)
13. Wang, D.X., et al.: An efficient volume integral equation solution to EM
scattering by complex bodies with inhomogeneous bi‐isotropy. IEEE
Trans. Antennas Propag. 55(7), 1970–1981 (2007)
14. Hu, L., Li, L.W., Yeo, T.S.: Analysis of scattering by large inhomogeneous
bi‐anisotropic objects using AIM. Prog. Electromagn. Res. 99, 21–36
(2009)
15. Lu, T., Zhao, Y., Yang, Y.: Application of VSIE method to scattering
problem involving conducting and anisotropic bodies. In: 2010 Inter-
national Conference on Microwave and Millimeter Wave Technology, pp.
102–106, Chengdu (2010)
16. Markkanen, J., Ylä‐Oijala, P., Sihvola, A.: Discretisation of volume inte-
gral equation formulations for extremely anisotropic materials. IEEE
Trans. Antennas Propag. 60(11), 5195–5202 (2012)
17. Ylä‐Oijala, P., Markkanen, J., Järvenpää, S.: Current‐based volume inte-
gral equation formulation for bianisotropic materials. IEEE Trans. An-
tennas Propag. 64(8), 3470–3477 (2016)
18. Ylä‐Oijala, P., Taskinen, M.: Calculation of CFIE impedance matrix el-
ements with RWG and n�RWG functions. IEEE Trans. Antennas
Propag. 51(8), 1837–1846 (2003)
19. Liu, J., et al.: On the volume‐surface integral equation for scattering from
arbitrary shaped composite PEC and inhomogeneous bi‐isotropic ob-
jects. IEEE Access. 7, 85594–85603 (2019)
20. Liu, J., et al.: An efficient multilevel fast multipole algorithm to solve
volume integral equation for arbitrary inhomogeneous bi‐anisotropic
objects. IEEE Access 7, 135780–135789 (2019)
21. Rao, S.M., Wilton, D.R., Glisson, A.W.: Electromagnetic scattering by
surfaces of arbitrary shape. IEEE Trans. Antennas Propag. 30(3), 409–418
(1982)
22. Schaubert, D.H., Wilton, D.R., Glisson, A.W.: A tetrahedral modelling
method for electromagnetic scattering by arbitrarily shaped inhomoge-
neous dielectric bodies. IEEETrans. Antennas Propag. 32(1), 77–85 (1984)
23. Dunavant, D.A.: High degree efficient symmetrical Gaussian quadrature
rules for the triangle. Int. J. Numer. Methods Eng. 21, 1129–1148 (1985)
24. Keast, P.: Moderate‐degree tetrahedral quadrature formulas. Comput.
Methods Appl. Mech. Eng. 55(3), 339–348 (1986)
25. Graglia, R.D.: On the numerical integration of the linear shape functions
times the 3‐D Greens function or its gradient on a plane triangle. IEEE
Trans. Antennas Propag. 41(10), 1448–1455 (1993)
26. Duffy, M.G.: Quadrature over a pyramid or cube of integrands with a
singularity at a vertex. SIAM J. Numer. Anal. 19(6), 1260–1262 (1982)
27. Hodges, R.E., Rahmat‐Samii, Y.: The evaluation of MFIE integrals with
the use of vector triangle basis functions. Microwave Opt. Technol. Lett.
14(1), 8–14 (1997)
28. Saad, Y., Schultz, M.H.: GMRES: a generalized minimal residual algo-
rithm for solving nonsymmetric linear systems. SIAM J. Sci. Stat. Com-
put. 7(3), 856–869 (1986)
29. Woo, A.C., et al.: EM programmers notebook‐benchmark radar targets
for the validation of computational electromagnetics programs. IEEE
Antennas Propag. Mag 35(1), 84–89 (1993)
How to cite this article: Liu J, Yuan J, Li Z, Song J. A
well‐conditioned integral equation for electromagnetic
scattering from composite inhomogeneous bi‐
anisotropic material and closed perfect electric
conductor objects. IET Microw. Antennas Propag.
2021;1–11. https://doi.org/10.1049/mia2.12051
LIU ET AL. - 11
